The most heavily polluted white dwarfs often show excess infrared radiation from circumstellar dust disks, which are modeled as a result of tidal disruption of extrasolar minor planets. Interaction of dust, gas, and disintegrating objects can all contribute to the dynamical evolution of these dust disks. Here, we report on two infrared variable dusty white dwarfs, SDSS J1228+1040 and G29-38. For SDSS J1228+1040, compared to the first measurements in 2007, the IRAC [3.6] and [4.5] fluxes decreased by 20% by 2014 to a level also seen in the recent 2018 observations. For G29-38, the infrared flux of the 10 µm silicate emission feature became 10% stronger between 2004 and 2007, We explore several scenarios that could account for these changes, including tidal disruption events, perturbation from a companion, and runaway accretion. No satisfactory causes are found for the flux drop in SDSS J1228+1040 due to the limited time coverage. Continuous tidal disruption of small planetesimals could increase the mass of small grains and concurrently change the strength of the 10 µm feature of G29-38. Dust disks around white dwarfs are actively evolving and we speculate that there could be different mechanisms responsible for the temporal changes of these disks.
1. INTRODUCTION G29-38 was the first single white dwarf discovered to display excess infrared emission (Zuckerman & Becklin 1987) , and follow-up studies have shown that the excess flux arises from a close-in hot dust disk (Graham et al. 1990 ). The origin of such a dust disk remained as a mystery until the asteroid tidal disruption model was proposed (Debes & Sigurdsson 2002; Jura 2003) . According to this model, the disks are remnants of minor planets that were perturbed into the tidal radius of the white dwarf and eventually became totally disrupted. The infrared excess is often modeled as a geometrically thin and optically thick disk within the tidal radius of the white dwarf (Jura 2003) . These compact hot dust disks (temperature ∼ 1000 K, size 0.01 au) around white dwarfs are morphologically different from debris disks around main sequence stars (temperature ∼ 100 K, size a few tens to hundreds au). There are more than 40 white dwarfs that show infrared excess emission consistent with the presence of dusty disks (Farihi 2016) . Some of the dusty white dwarfs also display calcium triplet emission from circumstellar gas that spatially coincide with the dust disk (e.g. Gänsicke et al. 2006 Gänsicke et al. , 2008 .
About 25-50% white dwarfs are polluted -they display elements heavier then helium in their spectra (Zuckerman et al. 2003 (Zuckerman et al. , 2010 Koester et al. 2014) . In many cases, continuous accretion onto the white dwarf from circumstellar material is needed due to the short settling times of heavy elements. The connection between atmospheric pollution and dust disks was first explored in von Hippel et al. (2007) . The most heavily polluted white dwarfs are accompanied by an infrared excess from a dust disk. Spectroscopic observations of these polluted atmospheres have opened up a new field of measuring chemical compositions of extrasolar planetary material (Jura & Young 2014; Harrison et al. 2018; Hollands et al. 2018) .
Some polluted white dwarfs are dynamically active and they vary on short timescales. For example, the infrared flux of SDSS J0959−0200 dropped by 35% between two observations in 2010, and remained at the same level afterwards until at least 2014 (Xu & Jura 2014 ). The gas emission lines around WD J1617+1620 disappeared within a few years (Wilson et al. 2014 ). Most gas disks show gradual variations over a few years (Wilson et al. 2015; Manser et al. 2016b,a; Redfield et al. 2017; Dennihy et al. 2018) . Recently, transits from an actively disintegrating asteroid were detected around WD 1145+017 (Vanderburg et al. 2015 ) -a white dwarf that is also heavily polluted, has an infrared excess from a dust disk, and displays absorption lines from circum- Subasavage et al. (2017) a Dominant element in the white dwarf's atmosphere.
b Distance is taken from Gaia DR2 (Gaia Collaboration et al. 2018 ).
stellar gas (Xu et al. 2016) . The optical light curve of WD 1145+017 is changing on a daily basis, likely due to the vigorous nature of tidal disruption (e.g. Gänsicke et al. 2016; Gary et al. 2017 ). The dynamical mechanism responsible for white dwarf pollution and tidal disruption is an area of active research (e.g. Veras 2016) . The general consensus is that minor planets (i.e. asteroids, comets) and giant planets beyond a few au can survive the post main sequence evolution and orbit around white dwarfs (Nordhaus & Spiegel 2013; Mustill et al. 2014) . Through different dynamical interactions, e.g. mean motion resonance, planet-planet scattering, secular resonance sweeping, and the Kozai-Lidov effect, the orbits of these minor planets are perturbed -some are ejected from the system while others can enter into the white dwarf's tidal radius (∼100R wd , Debes et al. 2012; Stephan et al. 2017; Mustill et al. 2018; Smallwood et al. 2018 ). In addition, there is evidence for continuous accretion of small planetesimals .
In this paper, we focus on two systems, SDSS J1228+1040 and G29-38. Their basic parameters are listed in Table 1. SDSS J1228+1040 is the prototype of white dwarfs with circumstellar gas debris (Gänsicke et al. 2006) . Its infrared excess was reported in Brinkworth et al. (2009) . Through 12-yr optical spectroscopic monitoring, Manser et al. (2016b) found a gradual variation of the gas emission lines and they proposed it as a result of precession of an asymmetric pattern under general relativity. SDSS J1228+1040 is also heavily polluted and the composition of the accreting material resembles that of bulk Earth (Gänsicke et al. 2012 ).
G29-38 was the first white dwarf discovered to have an infrared excess and also the first discovered to display a 10 µm silicate emission feature (Reach et al. 2005 (Reach et al. , 2009 ). The star also has a polluted atmosphere (Koester et al. 1997 ) and recent HST/COS observations show that it is accreting from volatile-poor material that is similar in composition to the bulk Earth (Xu et al. 2014) . G29-38 is among the first variable white dwarfs discovered (Shulov & Kopatskaya 1974; McGraw & Robinson 1975) . The newest addition to the wonders of G29-38 comes from the discovery of molecular hydrogen in its atmosphere, which provides an additional constraint of its stellar parameters (Xu et al. 2013) . It is among the hottest stellar environments with a molecular hydrogen detection.
Here, we report infrared observations of the dust disks around SDSS J1228+1040 and G29-38, demonstrating for the first time that these two disks are intrinsically variable. The rest of the paper is organized as follows. Observation and data reduction are presented in Section 2. In Section 3, we present some disk models that could explain the temporal variations of the infrared luminosity. Possible scenarios are explored in Section 4 and results are summarized in Section 5.
2. OBSERVATION AND DATA REDUCTION 2.1. Spitzer/IRAC and MIPS Observations SDSS J1228+1040 and G29-38 have been observed a few times with Spitzer/IRAC (Fazio et al. 2004) , as summarized in Tables 2 and 3 . Both stars are well detected in each frame and separated from background stars. We performed aperture photometry on individual artifact-corrected CBCD (Corrected Basic Calibrated Data) frames with the IDL programs BOX CENTROIDER.PRO and APER.PRO. An aperture radius of 3 native pixels (3. 6) and a sky annulus of 12-20 pixels (14. 4 -24. 0) were used for the analysis. Aperture correction, pixel phase, and array location correction were also performed. For each epoch, we report the average flux weighted by the signal-to-noise ratio of each measurement and take the weighted uncertainty as the final uncertainty. Since we are interested in relative flux difference, our reported numbers only include measurement uncertainty. As an additional check, we also performed aperture photometry on the combined mosaic and obtained similar results.
For SDSS J1228+1040, we found significant variability in the first two Spitzer observations and the flux levels have remained the same in the third epoch, as shown in Fig. 1 . The infrared fluxes have dropped by 20% at 3σ significance at both [3.6] and [4.5] . For the background stars of similar brightness, we found their fluxes agree to within 1% for both [3.6] and [4.5] at all three epochs. The relative flux drop of SDSS J1228+1040 between 2007 and 2014 is detected at high significance.
For G29-38, there is some dispersion in the flux level in the individual CBCD frames, as indicated by the spread of the grey dots in Fig. 1 [4.5] . This is expected because the exposure time is 30 sec, which is much shorter than the pulsation periods (typically tens of minutes, see Kleinman et al. 1998) . We defer the discussion of pulsation induced flux variation to Section 3.2.1.
Spitzer/MIPS observations (Rieke et al. 2004 ) of SDSS J1228+1040 and G29-38 have been published by using early Spitzer pipelines and calibrations (Brinkworth et al. 2009; Reach et al. 2009; Farihi et al. 2014) . Here, we reprocessed all the data using the MIPS instrument in-house pipeline with the final calibration established for the mission (described in Sierchio et al. 2014) . SDSS J1228+1040 has three deep 24 µm observations with a total exposure time of 600 s. The source is weakly detected in the individual mosaic. G29-38 is a clean point-like source at 24 µm but not detected at 70 µm. We measure the photometry from the mosaics, and then adopt the average and weighted uncertainty as the final flux and the uncertainty, respectively, as reported in Table 2 .
WISE Observations
Since the launch of the Wide-field Infrared Survey Explorer (WISE; Wright et al. 2010) in 2010, SDSS J1228+1040 and G29-38 have been observed by WISE and now NEOWISE (Mainzer et al. 2011 ) every half year. Because of their faintness, these stars are only detected in the two shortest bands in WISE, which have similar bandwidths as IRAC [3.6] and [4.5] . By using the NASA/IPAC infrared science archive, we extracted the photometry from the multi-epoch photometry table and the Single Exposure Source Table for WISE and NEOWISE, respectively. We calculated the weighted average flux for all observations taken within ten days, as plotted in Fig. 1 . For SDSS J1228+1040, the uncertainties are too large to detect the 20% flux drop identified in IRAC. For G29-38, similar to the IRAC observations, the WISE data show that G29-38 is a The first value is frame time in seconds and second value is the number of frames.
b 20 frames for 3.6 µm and 5.8 µm and 26 frames for 4.5 µm and 8.0 µm.
not photometrically stable and there are some low level variabilities from pulsation.
Spitzer/IRS Spectroscopy
G29-38 has also been observed with the Spitzer/IRS instrument (Houck et al. 2004) Reach et al. (2009) . For this study, we used the spectra from the CASSIS website that provides uniform, high-quality IRS spectra optimally extracted for point-like sources (Lebouteiller et al. 2011) .
As shown in Fig. 2 , the flux of G29-38 in the 5-7 µm region agrees within 2% over the three-year period, but the 2007 flux in the 10 µm silicate feature region increased by 10%. The temporal variability in the IRS spectra is in line with the IRAC photometry presented in Section 2.1. To make a direct comparison, we computed the synthesized [8.0] photometry using the observed IRS spectra: 8. Table 3 2%, we conclude that the temporal variability between 2004 and 2007 IRS spectra is significant.
UKIRT JHK Observations
Since 2015, we have been monitoring dusty white dwarfs with the UK Infrared Telescope (UKIRT) to understand the origin of their variability. Details of the survey strategy and data reduction will be presented in Rogers et al. (in prep) . For SDSS J1228+1040 and G29-38, the raw data were processed with pipelines produced by the Cambridge Astronomical Survey Unit (CASU). We compare the standard deviation of each frame and the uncertainty of the average flux and take the larger one of the two values as the measurement uncertainty, as listed in Table 4 and Tables 5. Calibration uncertainties are not considered here. For SDSS J1228+1040, we detected a 13% (2.7σ) drop in the K band flux between 2007 and 2015 and it has remained at the same level since then. As shown in Fig. 1 , this K band flux drop is likely related to the IRAC flux change. For G29-38, there is a 7% (3.7σ) variation in the K band and it is consistent with pulsation induced infrared variation (see Section 3.2.1). 
Optical Photometric Monitoring
SDSS J1228+1040 was observed on 2018 March 21 (UT) using the University of Arizona's 61 inch (1.55 m) Kuiper telescope on Mt. Bigelow, Arizona. The camera was equipped with the Mont4k CCD, binned 3×3 to 0. 43 per pixel. The Schott-8612 filter (a broad whitelight filter) was used. We adopted an exposure time of 30 sec, resulting in a cadence of 44.8 sec including set-up and readout. Conditions during the observation were nearly photometric and moonless. We obtained a continuous 6 hr observations of SDSS J1228+1040 and reached a typical S/N of 300 per frame.
All the images were bias-subtracted, flat-fielded, and bad pixel-cleaned in the usual manner. Aperture photometry was performed using the task PHOT in the IRAF DAOPHOT package. We performed relative photometry by referencing to other 8 nearby stars within the 10 ×10 field of view. After correcting the color response due to the airmass between our target (blue star) and field stars (generally red stars), we found no significant optical variability with a standard deviation of 0.006 mag (see Fig. 3 ). therefore, the infrared variability must come from the circumstellar material. In terms of a simple geometrically thin and optically thick disk model (Jura 2003) , we assume that the gas and dust occupy a similar region, and that sublimation and/or collisions of dust particles feed material into the gas disk, which then get accreted by the star. Its circumstellar gaseous disk is inferred to have an inclination of 70
• , a small eccentricity, and a radius of 60-120 R wd (Gänsicke et al. 2006) . To minimize the number of free parameters, we take the disk eccentricity to be 0. There are three free parameters, inner disk radius R in , outer disk radius R out , and lineof-sight disk inclination i. The white dwarf flux was calculated as with parameters listed in Table 1 (Dufour et al. 2017) . To match the SDSS rgiz photometry, an additional scaling factor of 0.92 is applied. To calculate the excess infrared flux, we subtract the white dwarf flux from the measured flux, assuming a 2% uncertainty in the white dwarf flux, as shown in Fig 4. For the fit, we consider both the IRAC fluxes and the average value of the JHK photometry, since there are no significant variations. For the 2007 observation, we fix the inclination at 70
• , which is the same as the gas debris. We performed a chi squared minimization and the best fit parameters are listed in Table 6 . With all four IRAC points, the disk parameters are well constrained. However, for the 2014 and 2018 data, there are many parameters that could fit the data given the lack of longer wavelength observations. So we started with the best-fitted parameters for the 2007 data and vary one parameter at a time. The change of the infrared flux can be modeled by a decrease of the total emitting area, either by a change of disk inclination (model 2A) or a change of the disk radius and correspondingly a change in dust temperature (models 2B and 2C). The opaque disk model cannot match the high MIPS flux, either because the disk flux has changed between the IRAC and MIPS observations or the presence of an optically thin layer, similar to the case for G29-38, as discussed in the next section. Manser et al. (2016b) found that the multi-year variation of the emission lines is consistent with precession of an eccentric pattern under general relativity. Note that such precession could not explain the infrared variability assuming the disk is geometrically thin and optically thick. However, if the disk is not geometrically thin, as suggested by recent studies (Kenyon & Bromley 2017) , the infrared flux change might be explained by the obscuring of dust materials from a different part of the disk. This model is beyond the scope of current work and will be explored in a future study.
G29-38

Stellar Pulsation
Through 10-yr optical photometric monitoring of G29-38, Kleinman et al. (1998) identified 19 pulsation modes with periods between 100 and 1300 sec, and not all the modes are excited at the same time. Although the white dwarf pulsation is negligible in the infrared, the flux of the dust disk would change as it reprocesses the star light. To study the effect of white dwarf pulsation on the dust disk, time-series infrared observations of G29-38 have been performed (Graham et al. 1990; Reach et al. 2009 ). A 190 sec period was identified with an amplitude of 2.5% at K band and 4% at [3.6]; interestingly, this period is not detected in the simultaneous optical light curve. Both Graham et al. (1990) and Reach et al. (2009) postulate that the 190 sec period of the dust disk is induced from pulsations with temperature changes along the latitude (e.g. m=0 modes), which has a net temperature change on the dust disk; while the other modes are confined to regions perpendicular to the dust disk (e.g. sectoral, m = l modes) and they cause no net temperature change on the dust disk.
The largest pulsation amplitude is ±5% in the optical, which corresponds to a 2% white dwarf temperature change (Kleinman et al. 1998) . The average stellar temperature is 11240 K (see Table 1 ), suggesting that the stellar temperature can be as low as 11015 K in the low state, but as high as 11465 K in the high state. Because the disk is directly heated by the white dwarf, the temporal change of the 10 µm feature might be caused by the different stellar temperatures due to pulsation. In the following subsection, we will first introduce our simple two-component model that can fit the disk SED, and then explore the likely change in the observed SED due to two different states of stellar heating.
A Two-Component Disk Model
As has been explored by Reach et al. (2009) , there are many different flavors of disk models that can fit the G29-38's SED including a very elaborate mineralogical model. Generally, there are two major parts in the models for white dwarf disks: a component that contributes most of the featureless mid-infrared flux, and a component that is responsible for the solid-state feature. Table 6 . The change of the infrared fluxes can either be modeled by a change of the inclination, inner disk radius, or outer disk radius.
We used the geometrically thin and optically thick disk model (same as for SDSS J1228+1040 in Section 3.1) to represent the featureless component. The prominent solid-state features in the observed mid-infrared spectra most likely come from the dust emission in an optically thin part of the disk, which could be the part of a wrapped disk (e.g., GD 362, Jura et al. 2007) or the outer part of a wedge-like disk (e.g. Reach et al. 2009 ). Ideally, one should use a radiative transfer model to self-consistently compute the disk model for both parts; however, such a model has many parameters that current, non-simultaneously obtained multi-wavelength data cannot constrain. A full exploration of various parameters using a radiative transfer model will be presented in a future study. Our main goal here is to understand the temporal change of the 10 µm feature. Therefore, we model the G29-38 disk as a two-component disk model.
We assume that the optically thin part of the disk is the topmost and outermost layer of the optically thick disk. Both the optically thin and thick disks share the same inner radius while their outer radii can be different. A larger outer radius for the optically thin disk (hence cooler material) is necessary to account for the mid-infrared flux. We assume the dust is sublimated to gas when its thermal equilibrium temperature reaches the dust sublimation temperature. In this case, the flux contribution from these grains is set to zero. The dust in the innermost region of white dwarf disks can reach 2500-3000 K, which is generally higher than the same material in a protoplanetary disk due to the presence of metallic gas (Rafikov & Garmilla 2012) . We set the dust sublimation temperature to be 2000 K for silicates, and compute thermal equilibrium dust temperatures for a range of grain sizes and their resultant emission using the program developed for modeling debris disks around main sequence stars (e.g. Su et al. 2015) . Since the exact The black, blue, orange and green lines represents the ratio of the highest and lowest flux for the white dwarf, optically thick disk, optically thin disk, and the total flux, respectively. If the 10 µm flux change comes from pulsation, then we would expect a more than 10% flux change around 5-7 µm, which was not observed.
mechanism that creates the dust grains in white dwarf disks is unknown, we adopt a standard particle size distribution with a power-index of −3.5 resulted from collisional cascades (Dohnanyi 1969) . Silicate grains larger than a few µm in size contribute little to the strength of the 10 µm feature, therefore we can only constrain the largest grain size that is required to fit the shape of the feature. Larger grains will contribute the underlying continuum, which are part of the optically thick disk and remain unconstrained under the assumption of two component model. There are four free parameters for the optically thin disk: the outer radius of the disk, the minimum and maximum gain sizes, and the total dust mass (assuming a density of 3.5 g cm −3 ). Given the number of free parameters there is a range of disk parameters that can fit the G29-38 spectrum satisfactorily. By using olivine grains (Mg 0.4 Fe 0.6 SiO 4 , Dorschner & Henning 1995) and the low-state of the stellar temperature (T wd,low =11015 K), we are able to obtain a very good match in the 10 µm feature for the 2004 epoch, and a reasonable fit in the mid-infrared SED; however, the fit in the 20 µm region is less good, as shown in the left panel of Fig. 5 . One possibility for this poor match is that the 2006 IRS LL spectrum was obtained at a different epoch from the 2004 SL spectra. A more likely explanation is that the optical constants for the pure olivine measured in the laboratory are not exactly matched to the properties of astronomical material. We will explore different grain composition in Section 3.2.3. It is worth pointing out that in the two-component model, the optically thin part also contributes to the continuum flux between 3-8 µm. For SDSS J1228+1040, due to the lack of longer wavelength data, we did not consider this component. The optically thin component is likely to be present due to the high IRAC [8.0] and MIPS fluxes. If such a component is common in dusty white dwarfs, then it could potentially explain the changes observed in SDSS J1228+1040 and SDSS J0959−0200. Future high quality infrared spectroscopic observations will be crucial to studying the disk structure around white dwarfs.
We now explore whether the change in the 10 µm feature could be caused by the change of the stellar heating. With our base low-state model parameter determined, we re-compute the dust equilibrium temperatures using the high stellar temperature (T wd,high = 11465 K), and derive the output SED by using the same disk parameters that fit the 2004 spectrum. Increasing the heating power does increase the overall disk emission because the grains are at slightly higher temperatures, and the changes are slightly different between the two parts of the disk. As shown in the right panel of Fig. 5 , the net effect is that the change from stellar pulsation is wavelength dependent. With the fixed disk parameters (location, grain sizes and mass), we expect the pulsationinduced change in the disk emission to be higher at 2-7 µm region than that of the 10 µm region. The maximum pulsation induced variability (≈15%) occurs at 3 µm, while it is mostly below 10% at other wavelengths. We also test a more extreme case with a large temperature swing of ±1000 K for the star. The change is more dramatic (a larger flux ratio overall) in this case, but the relative wavelength-dependent trend remains the same. From these calculations, we conclude that stellar pulsation is likely to be responsible for the low level variability observed in the K s and IRAC bands (discussed in Sections 2.1 and 2.4). However, the same mechanism is unlikely to explain the flux change around 10 µm because we see no flux change in the in the IRS 5-7 µm region between all three IRS epochs. In addition, the integration times of the IRS SL spectra are 366 sec, a factor of two longer than the pulsation period of 190 sec found in the infrared light curve. As a result, any pulsation effect on heating the dust is likely to be averaged out for the IRS observations. Therefore, the change in the 10 µm feature most likely comes from the intrinsic change of the disk parameters in the optically thin part of the disk.
Variability from an Increase of Dust Mass
We now proceed to explore the possible changes in the disk parameters that could be responsible for the 10 µm feature variation. Since the change of stellar effective temperature is unlikely to be the main reason, we fix the stellar effective temperature to be at the average temperature of 11240 K for the rest of our modeling for simplicity. In addition to the olivine grains used in the previous section, we also consider astronomical silicates (Laor & Draine 1993) for the grain composition. Similarly, we first derive the model parameters using the 2004 IRS spectrum for both compositions. Using the astronomical silicates, as shown in Fig. 6 , the 10 µm feature shape is not a good match at all (a shift in the peak of the feature), but the fit to the 17 µm region is much better compared to the one using olivine grains. In fact, adding a small amount of crystalline silicates (forsterite, Mg 2 SiO 4 , Koike et al. 2003) improves the match to the red side of the 10 µm feature and the overall features in the IRS LL spectrum, consistent with the finding by Reach et al. (2009) . Satisfactory fits can be achieved by using either olivine or astronomical silicates with a small amount of forsterite.
As discussed in Section 3.2.2, there is a wide range of parameters that can give reasonable fits to the G29-38 spectrum. We are mostly interested in the cause for the change in the 10 µm feature, so we deliberately fix most of the parameters in the models, and only vary the amount of dust in the optically thin disk when fitting the 2007 epoch of the IRS spectrum. The parameters used for the fits are given in Table 7 . As shown in Fig. 6 , the difference between the 2004 and 2007 spectra can be explained by an increase of ≈20% in the dust mass for both compositions. We further explore whether the change in grain sizes in the optically thin disk could explain the difference seen in the two epochs. Within the uncertainty, the 2007 IRS spectrum is also consistent with a model using a slightly smaller size range of olivine grains and an increase of dust mass by 5%. Under the two-component disk model, we conclude that the most likely cause of variability in the IRS spectra is due to an increase (5-20%) in the mass of small grains.
Note that the dust mass derived from our optically thin disk model is lower than the value derived by Reach et al. (2009) , where a total of 2×10 19 g is needed with a grain size of 0.1-10 µm. In addition to the small difference in grain sizes, the majority of the difference comes from the fact that the mass we estimate does not include the optically thick part of the disk, where its contribution was accounted for as the emission from the carbon-like grains in Reach et al. (2009) .
IMPLICATIONS
It is exciting that we are detecting temporal variation of dust disks around white dwarfs. SDSS J1228+1040, together with SDSS J0959−0200, seem to belong to the same category. Their [3.6] and [4.5] fluxes dropped by 20-30% within a few years and then mostly remain the same afterwards. For G29-38, the 10 µm feature has increased by 10% within three years while the 5-7 µm fluxes remained the same. Because of the limited coverage, we do not know whether it is a sudden or gradual drop in the infrared flux or a temporal increase followed by a drop. We also do not know yet the long term trend of these variations. In addition, SDSS J1228+1040 and SDSS J0959−0200 both display significant amounts of circumstellar gas.
For G29-38, the increase of 10 µm flux is most likely caused by an increased dust mass of ∼ 10 17 g in the optically thin component. A continuous change between the two IRS observations (2004 Dec 8 and 2007 Aug 4) would correspond to a dust production rate of 10 9 g s −1 , which is comparable to the mass accretion rate of 7 × 10 8 g s −1 observed in the atmosphere of G29-38 (Xu et al. 2014) .
For SDSS J1228+1040, under the opaque disk assumption, the change in the 3-8 µm flux can be explained by a change in the disk inclination or a decrease of disk surface area by 8-48%. We can estimate the lower limit of the mass of the opaque disk to be π (R
23 g assuming a scale height h of 1 cm and a density ρ of 3 g cm −3 . Such a decrease in mass over the two IRAC observations separated by 7 years would require a mass loss rate of 4×10 13 g s −1 -2×10 14 g s −1 . This rate is significantly higher than the mass accretion rate of 6 × 10 8 g s −1 derived from its atmospheric pollution (Gänsicke et al. 2012) .
Here, we explore some mechanisms that could lead to the observed infrared variability.
Tidal Disruption Event
As discussed in Jura (2008) , tidal disruption of a massive minor planet could disrupt the pre-existing disk. Because the incoming body is likely to have a different orbital inclination, a new dust disk will eventually be formed at a different orbital inclination. The final infrared flux could be either higher or lower than the previous one. In this scenario, a significant amount of dust will be evaporated to produce circumstellar gas, which could explain the presence of the calcium infrared triplet observed around SDSS J1228+1040 and SDSS J0959−0200. Because the emission lines are optically thick, it is possible for the total amount of gas to change without the strength of the emission line changing. However, from the smooth change of the calcium infrared triplet lines of SDSS J1228+1040 from 2003 to 2015 (Manser et al. 2016b) , there is little evidence for a tidal disruption event.
In order for an incoming minor planet to disrupt the pre-existing dust disk, it needs to be significantly more massive than the dust disk, which is estimated to be 10 23 g. Given that current infrared monitoring of dusty white dwarfs is sparse, the chance of finding variable systems is slim. However, finding at least two infrared variable dusty white dwarfs (SDSS J1228+1040 and SDSS J0959−0200) out of a total of 43 systems over 7 years gives an upper limit of one major tidal disruption event (mass > 10 23 g, diameter > 200 km) every 140 years, which is significantly shorter than the frequency of tidal disruption events derived from dynamical simulations (Veras 2016; Mustill et al. 2018) . In addition, with such an energetic tidal disruption event, the infrared excess is likely to display a temporary increase, which needs to fit in this already extremely short timescale.
Apart from these major tidal disruption events, it has been suggested that accretion of small planetesimals (< 35 km, ∼ 10 19 g) are nearly continuous . The increase of the 10 µm feature in G29-38 could come from continuous accretion of small planetesimals, if these all became small dust. An increase of 10 17 g could come from an object of 4 km in diameter.
External Perturbation
Here, we explore the response of the dust disk in the presence of an external perturber on an inclined orbit. A cartoon illustration of a white dwarf, a dust disk, and an unseen perturber. Their orbital planes are not aligned and α, i, θ are defined as the angle between our line of sight and the orbital plane of the perturber, the orbital plane of the dust disk, and the white dwarf rotation axis (pulsation axis). Note that the figure is not to scale.
By studying the pulsation light curve of G29-38, Montgomery (2005) derived the rotation axis (pulsation axis) θ to be 65
• (see Fig. 7 for a cartoon illustration), which is comparable to 55
• derived from comparing the amplitudes of the harmonics (Thompson et al. 2010) . The white dwarf rotation axis might not be aligned with the axis i of the opaque disk, which is derived to be 30
•1 . This is not surprising given tidal disruption is a dynamical process and the inclination of the orbits of the minor planets can vary significantly. An external perturber that recently arrived on an orbit which is inclined with respect to the dust disk can perturb the latter and possibly cause the infrared variability. These perturbers are expected to be the catalysts for the pollution of white dwarf atmospheres (Debes & Sigurdsson 2002; Veras & Gänsicke 2015) .
To quantitatively estimate the effect of an external perturber on the dust disk, we ran a basic suite of N -body simulations for the SDSS J1228+1040 system. We modeled the disk as a series of 5 coplanar circular rings each containing 30 massless particles uniformly distributed in azimuth. The location of the rings were at 20, 40, 60, 80 and 100R wd away from the center of the white dwarf. We carried out the simulations with a modified version of the Mercury integration package (Chambers 1999), which allowed us to incorporate the effects of general relativity. This exercise is in the same spirit as that in Manser et al. (2016b) except here the per- Figure 8 . Excitations of disk particles at different orbital radii as a function of perturber orbital pericenter and perturber inclination |α−i|. This simulation is for one pericenter passage of a 10MJ planet with a semimajor axis of 5 AU. The plot suggests that even in the most optimistic case, only a small part of the disk can reach an inclination change larger than 1 degree.
turber's orbital plane is not aligned with the dust disk (α = i in Fig. 7) .
We found that the degree of perturbation is strongly dependent on the perturber's mass and orbital properties (semimajor axis, eccentricity, inclination). We focus on an extreme case with a 10 M J perturber at a semimajor axis of 5 au while the pericenter of the perturber's orbit (ranging from 100 R wd to 200 R wd ) and orbital inclination (|α − i| ranging from 5
• to 20 • ) are taken at different values. The result from one pericenter passage is shown in Fig. 8 . The disk is perturbed the most when the perturber has a pericenter closest to the disk edge with a large inclination angle. However, even in the most optimistic case, only a small fraction of the disk can be perturbed by more than 1
• after one pericenter passage, which is not sufficient for a 4
• inclination change required to reproduce the change of the infrared excess.
We consider in our simulation a typical pericenter passage; in reality, the disk would be perturbed every time the perturber passes the pericenter. In addition, our simulations show that with a perturbing object, the disk will no longer remain flat, which is also suggested by numerical studies of dust disks (Kenyon & Bromley 2017) . This change could reduce the optical depth of the dust disk and correspondingly increase the dust temperature, leading to grain sublimation and a drop in the infrared luminosity. Exploring this scenario would require Nbody simulations over multiple pericenter passages and is beyond the scope of this work.
Runaway Accretion
The infrared variability of SDSS J1228+1040 and SDSS J0959−0200 is very similar and they both display gas emission lines from the calcium infrared triplet. It has been suggested that when there is a strong coupling between the dust and gas, runaway accretion could occur and it can lead to a higher accretion rate than Poynting-Robertson drag can support (Rafikov 2011; Metzger et al. 2012) . The evolution of the disk is significantly different from those without gas drag.
For SDSS J1228+1040, the mass accretion rate supported by Poynting-Robertson drag is ∼ 10 9 g s −1 . During runaway accretion, the peak value can reach ∼ 10 3 higher than the rate from Poynting-Robertson drag (Metzger et al. 2012) . This higher value is still a bit lower than the derived mass loss rate of the dust disk (10 13 -10 14 g s −1 ). For runaway accretion to occur, there are two main criteria: I. the dust disk is massive enough ( 10 22 g); II. there is a build-up of gas due to sublimation occurring faster than the rate that gas is removed by viscous diffusion (Rafikov 2011) . Both SDSS J1228+1040 and SDSS J0959−0200 have strong infrared excesses, which likely originate from a massive disk. Criterion II requires a strong gas-solid coupling factor and/or a weak gas viscosity. Although there are a lot of uncertainties in these parameters, it could be satisfied for white dwarf disks (Metzger et al. 2012) .
Runaway accretion has not been directly observed in white dwarf disks. An indirect line of evidence is that some of the helium-dominated white dwarfs with circumstellar gas (e.g. WD J0738+1835, Ton 345) have the highest mass accretion rates of all polluted white dwarfs, which is expected from runaway accretion. Once runaway accretion starts, the solid disk will be dissipated in a very short amount of time. Correspondingly, the infrared flux will continue to drop and the mass accretion rate would increase substantially (Metzger et al. 2012) . So far, there is no evidence of continuing drop in the infrared flux nor an increase of absorption line strength in the atmosphere (Manser et al. 2016b) . Future monitoring would be crucial in assessing the runaway accretion scenario.
CONCLUSION
In this paper, we presented infrared variabilities of two white dwarfs with dust disks, SDSS J1228+1040 and G29-38. For SDSS J1228+1040, the IRAC [3.6] and [4.5] fluxes dropped by 20% within 7 years and remained the same afterwards. The general behavior is very similar to the flux drop around another dusty white dwarf WD J0959−0200 (Xu & Jura 2014 ) with a further similarity being the appreciable amounts of circumstellar gas around both objects. The flux drop can be explained by either an increase of an inner disk radius, a decrease in the outer disk radius, or a change in the disk inclination, assuming the excess comes from an opaque dust disk.
G29-38 appears to represent a different kind of infrared variability and the flux of the 10 µm feature has increased by 10 % within 3 years while the 5-7 µm flux remained the same. We presented a two-component disk model to fit the infrared spectra, and concluded that the change is unlikely to be related to the photospheric pulsation of G29-38 with a static disk. We propose that the most likely cause is an increase in the mass of small grains in the optically thin component.
To explain the observed infrared variability, we explored several scenarios, including tidal disruption events, external perturbation, and runaway accretion. Although continuous tidal disruptions of small planetesimals could explain the increased dust mass in G29-38, no satisfactory scenarios can explain the sudden drop of infrared flux for SDSS J1228+1040 and SDSS J0959−0200.
Looking forward, a self-consistent radiative transfer disk model would be valuable in constraining white dwarf disk parameters. In the future, continued photometric monitoring in the infrared and high quality infrared spectroscopy from the James Webb Space Telescope will be crucial in constructing a complete picture of dust disks around white dwarfs.
